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Abstract

In this paper, we study functional ordinary least squares estimator and its properties in testing the hypothesis of a con-
stant zero mean function or an unknown constant non-zero mean function. We exploit the recent work by Cho, Phillips,
and Seo (2021) and show that the associated Wald test statistics have standard chi-square limiting null distributions,
standard non-central chi-square distributions for local alternatives converging to zero at a 1/n rate, and are consistent
against global alternatives. These properties permit computationally convenient tests of hypotheses involving nuisance
parameters. In particular, we develop new alternatives to tests for regression misspecification, that involves nuisance
parameters identified only under the alternative. In Monte Carlo studies, we find that our tests have well behaved levels.
We also find that functional ordinary least squares tests can have power better than existing methods that do not exploit
this covariance structure, like the specification testing procedures of Bierens (1982, 1990) or Stinchcombe and White
(1998). Finally, we apply our methodology to the probit models for voting turnout that are estimated by Wolfinger and
Resenstone (1980) and Nagler (1991) and test whether the models are correctly specified or not.
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1 Introduction

A considerable variety of useful testing procedures involve “nuisance” parameters. Examples are those considered in the
work of Davies (1977, 1987), Bierens (1982, 1990), Bierens and Ploberger (1997), Andrews (1994), Stinchcombe and
White (1998), Baek et al. (2015), and Cho and Phillips (2018), among others. In these examples, as well as in this context
generally, test statistics are constructed by “integrating out” the nuisance parameters, yielding nuisance parameter-free
tests. A general consequence of this approach is that the limiting null distributions of the resulting test statistics are highly
context specific, requiring special purpose computations to obtain suitable critical values.

In this paper, we consider a different approach, useful in this context, that yields statistics having standard chi-square
limiting null distributions. In some cases, our procedures can have better power than previous procedures. For example,
this is illustrated by the specification tests of Bierens (1982, 1990) and Stinchcombe and White (1998). Note that the tests
of Bierens (1982, 1990) and Stinchcombe and White (1998) do not take account of correlations among the elements of the
Gaussian process underlying the test statistic as for the test in Davies (1987). Our procedures also do not take account of
the correlations, but this affords computational convenience, analogous to the way that tests based on heteroskedasticity-
consistent covariance matrices yield convenient tests of proper size by neglecting efficiency improvements that could be
gained by modeling the heteroskedasticity.

The approach taken here is that of hypothesis testing in functional regression by applying the functional least squares
estimator in Cho, Phillips, and Seo (2021), who examine estimating a parametric model for the conditional mean of
a continuous functional observation by the functional least squares estimation. We apply their approach by supposing
possibly discontinuous functional data and a model constructed by non-random functions attached to linear coefficients
to infer the mean function, and from this we provide an estimator and its asymptotic properties along with properly
tailored regularity conditions for the estimator. Specifically, the dependent variable is a random function (of v € T,
say) rather than a random variable, and the regressors are user-specified non-random functions of  chosen to give a
good approximation to the mean function of the dependent variable. Under the null hypotheses of interest here, this
mean function is either the zero function or an unknown non-zero constant function. We analyze testing procedures
designed to have power against the alternatives to either of these nulls by specifying a linear model constructed by
deterministic functions with unknown linear coefficients. An appealing consequence of using functional regression is
that the resulting test statistics have standard chi-square limiting distributions under the null. Wald, Lagrange multiplier,
and quasi-likelihood ratio versions of these statistics are available. For concreteness and conciseness, our focus here is
on the use of Wald statistics.

Although functional regression is of theoretical interest in its own right, our focus here is also in illustrating its useful-
ness in specific application areas. In one sense, functional regression is familiar, in that standard panel data structures can
be viewed as examples of functional data. We illustrate this with a running example focused on tests of random effects

structure in panel data. On the other hand, the functions of interest arising in the analysis of models involving nuisance



parameters identified only under the alternative can also be viewed as instances of functional data. We exploit this here
to provide appealing ways of testing hypotheses concerning unidentified nuisance parameters. We pay specific attention
to specification testing, as in Bierens (1982, 1990) and Stinchcombe and White (1998).

Functional data analysis is getting popular. We mention a few recent developments. Crambes, Gannoun, and Henchiri
(2013) estimate a quantile regression function with a functional covariate by the support vector machine when the de-
pendent variable is a real random variable. Zhang and Chen (2007) first apply the local polynomial kernel estimation to
discrete data and next estimate the functional coefficients of the covariates consisted of random variables according to
the so-called “smoothing first, then estimation” principle. The authors show that the influence of the smoothing process
is diluted as the sample size tends to infinity under some mild regularity conditions. Li, Robinson, and Shang (2020)
examine time series of function space curves with long range dependence to yield the limit theory for the sample aver-
age of functional observations. They further estimate the covariance kernel function of the functional data by using the
functional principal component analysis. Chang, Hu, and Park (2019) estimate a functional autoregressive model with
serially correlated functional data, establishing limit theory of their estimator. Phillips and Jiang (2019) study parametric
autoregression with function valued time series in stationary and nonstationary cases and also establish limit theory of
their estimation. Finally, when the conditioning variable is a random variable, Cho et al. (2021) examine estimating the
conditional mean of functional data, that is nonlinear with respect to unknown parameters. These papers assume the use
of functional data but differ from the current paper as the current study focuses on the inference of a parametric population
mean function.

The plan of this paper is as follows. In Section 2, we motivate and formally describe the data generating process
(DGP) underlying functional regression, illustrating with examples involving random effect structure in the context of
panel data and specification testing. In Section 3, we introduce the functional ordinary least squares (FOLS) and two-stage
FOLS (TSFOLS) estimators that are obtained by imposing the linear structure to the functional regression. We provide
conditions under which these estimators are consistent and asymptotically normal, and we provide consistent estimators
of their asymptotic covariance matrices. In Section 4, we specify the null hypotheses of interest and introduce Wald
statistics useful for testing these. As we show, these statistics have standard chi-square distributions under the null. We
analyze their global and local power properties. Globally, our procedures are consistent; locally we obtain standard non-
central chi-square distributions for alternatives converging at the parametric 1/n rate, where n is the sample size. Section
5 applies the theory developed in the preceding sections to obtain test statistics for our panel data and specification testing
examples. Section 6 provides a Monte Carlo analysis and an empirical application of FOLS estimator, where we study the
finite and large sample properties of tests based on the statistics developed in Section 5. We also apply our methodology
and test whether popularly assumed models for voting turnout are correctly specified or not by using 1984 presidential
election data of the US. Section 7 contains a summary and concluding remarks.

Before proceeding, we introduce some mathematical notation used throughout. First, integrals of functions will be



often used in this paper, and we let [ g dP and [ h dPdQ respectively denote [ g(z)dP(z) and [ [ h(z,y)dP(z)dQ(y)
for brevity, unless confusion otherwise arises. When there is no possible ambiguity, we may further abbreviate these to

[ gand [ [ h. Unless explicitly noted otherwise, limits are taken as n — oo.

2 The Data Generating Process and Functional Regression

In this section, we motivate and formally describe the DGP underlying functional regression.

2.1 The Data Generating Process
We consider data generated as follows:

Assumption 1 (DGP-A). (i) Let (Q, F,P) be a complete probability space and let (I', p) be a compact metric space;
(ii) Fori=1,2,..., let G; : Q x I" = R be such that for each v € T, G;(-,~) is measurable and independently and
identically distributed (I1ID). O

Often in prior literature, such a function G; is used to define a model, that is a collection of functions G; := {G;( -, ) :
~ € T'} that, when “correctly specified,” includes some functional of a DGP for random variables of interest. (See, for
example, White, 1994, ch. 2.2.) For example, in that context, G;(w, - ) might represent the log-likelihood function for
observation i, determined by the realization w € 2. Correct specification occurs when there is 7y € I" such that G;( -, 7o)
represents the log density of the DGP for observation 1.

Here, we view G rather differently. Specifically, we view the observed data not as realizations of random variables,
as is common, but as realizations of random functions vy — G;( - ,). That is, we observe G;(w, - ) : T'— R, i =1,2, ...
for some w € €. The IID condition is not essential, but we impose it to keep the main ideas clear. Because our interest is
primarily on G; as a random function of -y, we may abbreviate G;( -, ) as G;(+y) for notational simplicity.

The data structure in Assumption 1 is more general than that assumed by Cho et al. (2021). Note that we do not
impose any functional restriction to the functional data, whereas they restrict their interest to continuous functional data.
One of the examples we discuss below assumes functional data that are discrete at equally distanced points. We therefore
do not assume the continuity condition as they do.

To illustrate, we discuss two examples. First, we show how the familiar case of panel data falls into the present
framework. As we show later, this supports tests for features of interest in panel data, such as random effects structure.

We operate within the panel data setting nicely exposited by Wooldridge (2010, ch.10.4).

Example 1 (Panel Random Effects): Lety € I := {1,2, ..., T}, and suppose data are generated as Y; () = X;(v)' 8o +
Vi(y), i = 1,2, ..., where By € R? and Vi(7) := C; + U;(y). We assume that (Y;, X/)' : Q x T' +— RI*is IID. Uj; :
QO xT'+— Rand C; : Q — Rare unobserved. Let X; := (X;(1), X;(2),---, Xi(T)), Vi := (Vi(1),Vi(2),--- , Vi(T)),



and assume that ¥ := E[V;V/] is finite and positive definite, with rank(E[X;X71X;]) = d. The data exhibit random
effects structure when, fori = 1,2, ...,

1. U;(vy) is IID with respect to v, and E[U;(y)|X;(7), C;] = 0 for each v € T'; and

2. E[Ci|X;()] = E[C;] = 0foreachy € T".

Under these assumptions, we may write o2 := E[U;(7y)?] for all v € T and o2 := E[C?]. The covariance matrix 3 has

the form
2 2 2 2
UU + UC UC UC
02 03 + az 03
y =
03 ag 03 + ag

When af = 0, the unobserved effect C; is absent, and V; is identical to U;.

Now consider G;(y) = V;(1)V;(vy). Under random effects with E[G;(7y)] = 0 for all y € I" \. {1}, the conventional
pooled OLS estimator for 3y is efficient, and we can use pooled OLS to conduct efficient statistical inference. On the
other hand, when E[G;(7)] = 02 > 0 for v € I \. {1}, the feasible generalized least squares (FGLS) estimator that
exploits the structure of 32 is more efficient than pooled OLS. Moreover, the presence of the unobserved effect C; may

necessitate the use of methods appropriate for handling unobserved fixed effects. ([

Another leading case of interest here is associated with what is known in the literature as “nuisance parameters
identified only under the alternative.” See, for example, Davies (1977, 1987), Andrews (2001), Cho and White (2007,
2010), Baek et al. (2015), Cho and Phillips (2018) and the references therein. An important example involving nuisance
parameters present only the alternative is the specification testing framework of Bierens (1990) and its extensions (e.g.,

Stinchcombe and White, 1998, (SW)).

Example 2 (Specification Testing): Let {(V;, X!)’ € Rt} be IID, and suppose E[Y;|X;] is modeled by a set of
functions, say Ml := {f(X,0) : 8 € ® C R™}, where d and m are finite integers. Further, for v € T, let G;(~) =
[Y; — £(X;,60%)]v{v X;}, where 6* is the probability limit of an estimator 8,,, e.g., the nonlinear least squares (NLS) or
quasi-maximum likelihood (QML) estimator:

n
~

o1
0, = argmin Z[Yl — f(X;,0)]?%

=1

and ¢ : R — R is a given function. Bierens (1990) specifies 1) = exp; SW consider large families of choices for 1,
notably the comprehensively revealing (CR) and the generically CR (GCR) families'.

This choice for GG is easily seen to satisfy Assumption | under mild conditions on f and v. Further, GG; has remarkable

!To ensure boundedness, Bierens (1990) replaces X; with ®(X;), a d x 1 vector of measurable bounded one-to-one mapping from R? to R¢,
such as ®(X;) := [tan~!(X1s), tan™*(Xa;), ---, tan~'(Xa;)].” We leave this implicit here.



and useful properties. Specifically, as Bierens (1990) and SW show, when M is correctly specified (so that there exists
0y € O such that E[Y;|X;] = f(X;,00)), provided that * = 6 (as holds for the NLS estimator as well as for
linear exponential family-based QML estimators generally), then F[G;(y)] = 0 for all ¥ € I'; whereas when M is not
correctly specified and 1) is GCR (e.g., ¥ = exp is GCR), SW show E[G;(y)] # 0 for almost all v € I". Bierens (1990)

and SW exploit this property to construct tests for model misspecification. Their test statistics are based on

Zu(y) = jﬁ S Git). O
=1

As these examples suggest, our main interest here concerns the population mean functional o of GG; (when it exists)

defined by
u() = BelGi)] = [ Git)ap, yer.

We exploit the identical distribution assumption to drop the ¢ subscript for p.
We pay particular attention to certain functionals of p. To specify these, we introduce the notion of an adjunct
probability measure @ on I'. This measure should be viewed as one selected by the researcher; it corresponds to the

familiar notion of a regression design. We specify its properties formally as follows:

Assumption 2 (Adjunct Probability Measure). (i) (I',G, Q) and (QxI', F®G,P-Q) are complete probability spaces;
(ii) Fori=1,2,...., G; is measurable — F ® G. O

The sample space is now the Cartesian product, 2 x I'; the sigma field 7 ® G is the product sigma field generated by F
and G. Because (I, p) is a metric space, there exists a topology generated by p. We may take G to be the Borel sigma field
generated by this topology. The product probability measure P - Q governs events jointly involving w and . Because of
its product structure, we have independence, in the usual sense that P- Q[F' x G| = P[F]- Q|G| forall F € Fand G € G.
The assumed joint measurability for G; follows, for example, by (Stinchcombe and White, 1992, lemma 2.15), if
G;(+,~) is measurable for each v € I and G;(w, -) is continuous on I for all w € F, P[F]| = 1.
Under suitable integrability conditions, our assumptions ensure that integrals of the form [ [ H;(w,~)dQ(v)dP(w)

are well defined. Of immediate interest is the integral arising when H;(w,~) = {G;(w,7) — m(v)}?, yielding

[ 16~ myagar = [ [16iw.) - m)aa0)dpw)

This is the Q—functional mean squared error (Q—FMSE) for m as a predictor of GG;. For every Q, the function m™* min-
imizing the Q—FMSE is essentially the functional mean, . To establish this, we introduce some notation and add some
suitable regularity. First, we write Lo(P) := {f : [ |f(w)|?dP(w) < oo} and similarly Lo(Q) := {f : [ |f(7)[?dQ(y) <

oo}, where f is measurable-F in the first instance and measurable-G in the second.



Assumption 3 (Domination). For random variables M; € Lo(IP), sup,cp |Gi(v)| < M;, i = 1,2, ... O

From this, it follows that y as defined above exists and is measurable —G, and that ;1 € Ly (Q). Note that the optimized
Q—FMSE depends on Q. In particular, if for some vy € T', Q is selected so that Q(G) = 1if 99 € G € G and
Q(G) = 0 otherwise, then m* = p a.s.—Q holds for the constant function m* = (7o), and the minimized Q—FMSE is
[ varp[G;(y)]dQ(~) = varp|G;(v0)]. This replicates the familiar result for random variables that the expectation (o) is
the best mean-squared error predictor for the random variable G;(~g). Analogously, the function defined by p(y) provides

a Q—FMSE optimal prediction for the random function defined by G;( -, 7).

2.2 Functional Regression

Our primary interest attaches to testing hypotheses about 1. For example, given a known function m* € Lo(Q), suppose
we are interested in testing

Hy:p=m" as.—Q vs. Hy : H, is false.

Because m™* is known, this is equivalent to testing
Hy,: u*=0 a.s.—Q vs. Hyu: H, is false,

where p* := i — m* = Ep|G;], with G (7) := Gi(y) — m* (7).

We may be also interested in testing
Hy: " =c¢ a.s.—Q vs. Hy: H,is false,

where c is an unknown real constant. For example, in our panel data example, this case is relevant in testing the null of no
serial correlation in U; with respect to ~y versus serial correlation in Uj; in the possible presence of the unobserved effect
C;.

In what follows, we drop the superscript *, letting any recentering by known m* be implicit, and just consider testing
Hip:u=0 a.s.—Q vs. Hya: Hy,isfalse; and

Hop: pp=c a.s.—Q vs. Hyy : Hy, is false.

Power against particular alternatives may be enhanced by making use of non-constant basis functions g; : I' — R,
j = 1,2,...k; we write g := (91,92, ...,9x)"- The next assumption specifies their properties. We let A\pin(-) and

Amax( - ) denote the minimum and maximum eigenvalues respectively of a given matrix.
Assumption 4 (Basis Functions). (i) Foreach j = 1,2,....k, g; : I' = R is measurable—G;

6



(ii) Foreachj=1,2,...,k, g; € L2(Q); and
(iii) Amin(A) > 0, where
1 [ &()dQ(v)

A = . |
Jg(dQ() [ g(v)g(v)'dQ(v)

Assumption 4(ii) ensures that A\pax(A) < 0o. Assumption 4(iii) ensures that the elements of g are non-constant and non-
redundant. As both g and QQ are under the researcher’s control, verifying Assumption 4 is in principle straightforward.
We use g to approximate y. Specifically, we consider linear approximations to y of the form m( -, &) = do +g(-)'d.

Thus, m belongs to the linear model
A(g) == {00 +g(-)d: (6,0) € RITFL.

A “trivial” but important special case for g is that in which g has no elements. This gives the simplest test of Hjy,,
although this choice is not relevant for testing Hy,. The most convenient non-trivial choice for g is g(vy) = =, that yields
a linear functional regression. The model structure of .A(g) is simpler than that considered by Cho et al. (2021) as their
model consists of random functions and is nonlinearly parameterized. Due to this simple structure, we can provide better
tailored regularity conditions for our estimator without imposing many regularity conditions.

More elaborate choices of g are often relevant. In some cases, the alternative may provide specific knowledge about
relevant choices for g. Alternatively, one can use series functions, such as suitably chosen polynomials in v, just as when
one approximates a standard conditional expectation. The key idea is that power may be gained by selecting g to capture
salient features of i under important or plausible alternatives.

When Hj,, holds, we have the regression representation
Gi(-) =6 +g(-)8 +e(-), (1

where 58 =0,6" =0, Epe;(-)] =0, and Ep[g(-)e;(-)] = 0. When Hy, holds we have the same representation, but
now with 58 = ¢,8" = 0. We call a representation of the form given by (1) a functional regression.

We let 0§ and 6* index the Q—FMSE optimizer. That is, m( -, £*) solves

infg) / / {G; —m}*dQdP = / varp[G;]dQ + gg{g / {p— 0o — g'6}2dQ.

meA(

The first-order conditions for the optimum are

/ H()dQ(y) = 55 + / g(7)/6°dQ(y); and



/ H(7)E()dQ) = / (6% + &(7)'67)&(1)dQ().

These yield convenient expressions for d; and 6*, analogous to the standard regression approximation case:

e & | | Eolul N —Eglg]'covglg, g]'covglg; 4]
&* 0 covglg, g] Lcovglg, 1

where Egu] := [ 1 dQ, Eg[g] := [ g dQ;

covglg, g := /g(’y)g(v)’ dQ(v) — </g(v) d@(v)) (/ g(v)’d@(v)); and

covale. i+~ [ eutr) a2t - [ st aem) ( [utnaae).

It is readily verified that if 4 = 0 a.s. — Q (Hj, holds) then £&* = [0, 0’ ]/. If instead, for unknown constant ¢, 4 = ¢
a.s. — Q (Hy, holds) then & = [¢, 0’ ]'. Thus, d; and 6* coincide with the coefficients of the functional regression
representation for G;( - ) under Hy, and Hy,,.

On the other hand, if H, does not hold, then ¢ or §* need not equal zero, as covg[g, | is not necessarily 0 under
H 4. Similarly, if Hs, does not hold, then 6* need not equal zero. This behavior gives our tests their power. We emphasize
that in these cases, the optimizer m( -, £*) generally does not coincide with y, as m( -, £*) is essentially a misspecified

approximation to y under the specified alternatives.

3 Functional Ordinary Least Squares Estimation

We construct hypothesis testing procedures based on estimators for d; and 6*. For this, we minimize with respect to dg

and d the sample analog of the Q—FMSE,
1 n
Qnl6) =2 Y [1Gi() — 6o — g)812a00),
i=1

where & := (d0,0"). The resulting estimator is the functional ordinary least squares (FOLS) estimator, denoted as

&, := (don, d0),)’. This has the convenient representation

-1

~ don 1 Js n 'y [Gi
b [e [eg n 'Y [g G,

where the integration is always with respect to dQ.



3.1 Consistency of FOLS

The asymptotic properties of the FOLS estimator depend on the properties of G;. We first require that n~! Yo, Gi

obeys the strong uniform law of large numbers (SULLN).
Assumption 5 (SULLN). sup.cp In~t 3 Gi(y) — ()| = 0as.—P. O

Given the domination condition of Assumption 3, this holds under mild additional conditions on {G};}. Specifically, if
Gi(w, -) is continuous on I', then the SULLN of Le Cam (1953) (see also Jennrich, 1969) applies. Additional relevant
references are Andrews (1987), Potscher and Prucha (1989), and Newey (1991).

The dominated convergence theorem (DCT) permits us to first let n tend to infinity before integrating the relevant
random functions with respect to Q involved in g()n and gn The key assumptions permitting this are Assumptions 3 and

4(ii). With this, we obtain the consistency of the FOLS estimator.

Theorem 1. Given Assumptions 1, 2, 3, 4, and 5, En — & as. —P. O

3.2 Asymptotic Normality of FOLS Estimator

The FOLS estimator has the joint normal distribution asymptotically. For this, we impose a functional central limit

theorem (FCLT).

Assumption 6 (FCLT). (i) n~'/? Yo (Gi— ) = Z, where Z : Q x T — R is a zero-mean Gaussian process such
that for v,7 € T, Ep[Z(7)Z(7)] = £(7,73) < 0o, where k. : T x T+ R is such that for each j,j € {1,2, ..., k},

// (7, 7)dQ(7)dQ(7) < oo, //g] k(7,7)dQ(7)dQ(¥) < oo, and

[ [ st 31 020)006) < oo; and
(ii) Let
S >d@<> [ J (3, 7)8(7)dQ)dQ(3)
[ | ()3, 3)dQAQE) [ [ &) g( )dQ(1)dQ(F) |
and suppose that Apin(B) > 0. O

There is an extensive literature providing primitive conditions for the FCLT. Billingsley (1999) provides primitive condi-
tions when " is a compact subset of the real line and G; belongs to a set of right-continuous functions with left-limits.
These results are extended by Bickel and Wichura (1971) to the case where I is a compact subset of a finite dimensional

Euclidean space. When, as is assumed here, (I', p) is a compact metric space, Jain and Marcus (1975) provide sufficient



conditions for the FCLT?. For additional literature developing these conditions under various contexts, see, for example,
Shorack and Wellner (1986) and van der Vaart and Wellner (1996).

By construction, x(~,7) defines a measurable symmetric function. Many useful choices for g are bounded; in such
cases, only the first of the integrability conditions in Assumption 6(i) is needed. Further, Assumption 6(i) ensures that
Amax(B) < co. Assumption 6(ii) ensures that the asymptotic distribution of the FOLS estimator is not degenerate. For
example, Assumption 6(if) fails if « is constant over I' x I'. Constant x occurs when G; is a random constant function.

We can now give the asymptotic distribution of the FOLS estimator.
Theorem 2. Given Assumptions 1, 2, 3,4, 5 and 6, \/n(&, — €) & N (0,A"'BAT1). O

The asymptotic normality ensured by this result makes it easy to construct tests of our hypotheses of interest.

Observe that the asymptotic covariance matrix has the sandwich form common to estimators of misspecified models
(see, e.g., Huber, 1967; White, 1982, 1994). Nevertheless, this matrix does not simplify further even under H;, or Hy,
(where functional form misspecification is absent) because the functional data contain a stochastic dependence structure
captured by k; this is the analog of neglected heteroskedasticity. We accept this in order to avoid undertaking the intensive

effort that would otherwise be required to model and accommodate «.

3.3 Two-Stage FOLS Estimator

In applications, we often encounter situations in which an estimator @z( -,7) appears in place of G;( -, ). Our Examples

1 and 3 are relevant instances. To handle these cases in a general way, it suffices to assume that
GZ( : a’Y) = G’L( 57 0*)

for some suitably regular function éi, where 8* is an unknown m x 1 vector (m finite) in @, say. We then form

where én is a suitable estimator of 8*, computed in a first stage. From this, we can construct the two-stage FOLS
(TSFOLS) estimator
-1

gOn 1 fg n_lzféi
d, g [gg n Y [Gig

!

0

3

When én is consistent for 8* and éz is mildly regular, the consistency of TSFOLS follows straightforwardly. In

addition, the asymptotic distribution of the TSFOLS estimator is obtained by accommodating the asymptotic distribution

?Jain and Marcus (1975) provide sufficient conditions for FCLT for random functions G; with various properties. For example, their theorem 1
states that given our DGP conditions, if G; is Lipschitz continuous on I" a.s. —P, so that a.s. =P, forall v,5 € T, |Gi(v) — G:(7)| < Kip(7,7)
for some K; such that E[K}] < oo; and if for any € € (0,1), [; H,"*(I',u)du < oo, then the FCLT holds, where H, (T, u) := log[N, (T, u)],

and N, (T, u) is the minimal number of p—balls of radius less than or equal to u covering I".

10



of the nuisance parameter estimator. To sketch the main ideas driving the asymptotic distribution result for TSFOLS, we

consider

0 0 ISR B2 o

Vi J&(Gi—p) v
where g := (1,g')’. This is the analog of the term whose asymptotic distribution drives the result of Theorem 2 for
FOLS.

Writing the integral on the left more explicitly and taking a mean value expansion at 8* (interior to ®) gives

7 [ 0G50, — o)
fz/ 7, 0%) — u(y) Z/ 7,0,.)]dQ(7) VB, — 6°), ()

where the mean value én,y lies between én and 0* and, as indicated, depends on ~. With G;(-,~) := CNJZ( -, 0%),
we recognize the first term as that arising for the simple FOLS estimator. The second term is new and may alter the
asymptotic distribution of TSFOLS from that of FOLS.

Under mild domination conditions, the first part of the second term converges:

LS [E0IG 700 400) D = [56) BRG] d00) as < )

The second part, \/ﬁ(HAn — 0%), generally converges in distribution.
When Ep[VeGy(-,7,0%)] = 0 for all v € T, as can happen in important special cases, then D* = 0. It is then
enough that \/ﬁ(gn — 0*) = Op(1) to ensure that

;ﬁz / E[Gi(-17.8n) — u(7)] dQ(y) = jﬁz / E(M)[Gi(-.7) — u(v) dQ() + op(1),

in which case TSFOLS and FOLS are asymptotically equivalent and thus have the same asymptotic covariance matrix.
When D* # 0, then some further mild assumptions deliver a straightforward result. Specifically, suppose that §n
is asymptotically linear in the sense that ﬁ[én — 0] = —H*"'y/ns} + op(1), where H* is a nonstochastic finite
nonsingular m X m matrix and s}, is an m x 1 random vector such that for some nonstochastic finite symmetric positive
semi-definite m X m matrix I*, \/ns’ AN (0,I*). Many estimators used in practice are asymptotically linear. Examples

include QML, GMM estimators, and estimators based on U-statistics. In this case,

\}ﬁ 3 / E[Gi(-7,0,) — u(7)] dQ(y) = \}5 3 / (1) [Gi(,7) — u(v)] dQ(y) — DH /s’ + op(1),

and an asymptotic normality result follows straightforwardly under some mild conditions.
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We collect together additional conditions ensuring the validity of the above heuristic arguments as follows:

Assumption 7 (DGP-B). (i) Let Assumptions 1(i) and 2(i) hold, and let ® C R™,m € N, be compact;
(ii) Fori=1,2,...let G; : Qx T x O i~ R be such that for each 0 € ©, éz( -, -, 0) is measurable—F ® G and IID;
(iii) © is convect and for each (w,~y) € Q x T,
(iii.a) éi(w, v, - ) is continuously differentiable on ©;
(iii.b) Sup(,eerxe 1Gi(-,,0)| < M, and
(iii.c) SUPj—1,  m SUD(y,0)crx© |(0/09j)6~7’@-( 70| < M, i=1,2, ... O

Assumptions 7(i and ii) ensure that Assumptions 1 and 2 hold for G;(-,7) := Gi(-,~, 8*), where 8* is formally
specified next. We use Assumption 7(iii) in proving consistency for the FOLS estimator, as well as in obtaining the

asymptotic distribution of statistics involving @Z

Assumption 8 (Parameter Estimator-A). There exist 0* € © and a sequence of measurable functions {é\n :Q — 6}
such that
(i) én — 0*a.s. — P
(ii) 0* € int(©) and
(a) D* = 0 and \/n(6,, — 6*) = Op(1); or
(b) D* £ 0 and there exist a nonstochastic finite nonsingular m x m matrix H* and a sequence of measurable

random vectors {s%, : Q — R™} such that \/n[0, — 0] = —H*1\/ns’ + op(1). O

Assumption 8(i) helps ensure the consistency of estimators involving @, Assumption 8(ii) plays a key role in obtaining
the asymptotic distribution of statistics involving @1
When Assumption 8(ii.b) applies, we require one further condition, ensuring the joint convergence of /ns;, and

n~1/23°" (G; — p). This condition implies Assumption 6.

Assumption 9 (Joint Convergence-A). (i) For G;(-,7) := C:‘l( -, 0%),

vnsn = 2= Zo ,

n=V2 Y (G- ) Z

where Z : Q0 x T — R™%! is a mean zero Gaussian process such that for vy, € T,

mlzmea=| L 0
ko()" K(7.7)

where I* is a nonstochastic finite symmetric positive semi-definite m x m matrix; ko : I' — R™ belongs to Ly(Q);

and K is as in Assumption 6; and
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(ii) )\min(B*) > 0, where we let B :== B — D*H* 1K* — KYH* VD" + D*H* 'I*"H* VD" and K* :=
[ ko(7)8(7) dQ(y). 0

Observe that when D* = 0, we have B* = B.

The consistency result for the TSFOLS estimator is
Theorem 3. Given Assumptions 3, 4, 5, 7, and 8(i) for G;( - ,7) = C~¥Z( 7,0%), & — £ as. —P. O
The asymptotic normality result for the TSFOLS estimator is

Theorem 4. Given Assumptions 3, 4, 5, 6, 7, and 8(i) for G;(-,7) := él( 7, 0%),
(i) if Assumption 8(ii.a) also holds, then \/ﬁ(gn — &) AN (0, A_lBA_l) )
(ii) If Assumptions 8(ii.b) and 9 also hold, then \/ﬁ(En — &) AN (0, Ale*Afl) ) O

Note that the asymptotic behaviors of the FOLS and TSFOLS estimators are established without supposing continuous

functional observations unlike Cho et al. (2021).

3.4 Consistent Asymptotic Covariance Matrix Estimation

A consistent estimator of the FOLS asymptotic covariance matrix is A~'B,, A~!, where B,, is a consistent estimator for
B. Unlike the situation for standard regression estimation, we do not need to estimate A in this context, as it is known.

Let the functional regression estimated residuals &;,, : {2 X I" — R be defined by
Ein(+,7) = Gi(+,7) — don — &(7)'0n.
For convenience, we write £;,,(7y) as a shorthand for &, ( - ,y). We consider estimators of the form

13 [ [ &in(7)Ein(7)dQ(y )d@( ) J JEn(v)En(7)g(7) dQ(v)dQ(7)
=0 I -G M (W)d@ ) [ J8(1)En(71)En(7)g(7) dQ(7)dQ(7)

ws )}
3
|

To ensure the consistency of this estimator, we add the following assumption:

Assumption 10 (FOLS Covariance Matrix Estimation). sup(,, 5)erxr ‘n_l Yo Gi(v)Gi() — Ep|Gi(v)Gi (ﬁ)]’ —0
a.s. —P. O

If we take all of these conditions together, Assumptions 1, 2, 3, 4, 5, 6, and 10 are the functional regression analogs

of conditions for heteroskedasticity-consistent covariance estimation (cf. White, 2001, ch.6). Formally, we have

Theorem 5. Given Assumptions 1, 2, 3, 4, 5, 6, and 10, f’)n —Ba.s. —P. O
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For the TSFOLS estimator, we use the second-stage residuals &;,, : 2 X I' — R defined by
Ein( 1) = Gil+,7) = don — 8(7)'b.

When TSFOLS and FOLS are asymptotically equivalent, we simply replace &;, with &;, in the formula for ﬁn above,

and denote this as ]§n Otherwise, we construct the estimator

where we let

n

D, =~ / 80 VoGi( 7,0, d0(), Kpo= > / si(+.0.)8m (-, VB dQ(y),  and

i=1 i=1

such that s; : Q x © — R™, \/ns = n~ V23" si(-,0%) + op(1), and H,, is a consistent estimator of H*. For
example, H, =n! Yo Vesi( -, §n)

We provide further conditions ensuring the consistency of ]~3n and ]~3;‘L as follows:

Assumption 11 (Joint Convergence-B). (i) Fori = 1,2, ..., there exists s; : {2 X @ — R™ such that
(i.a) si(-,0) is measurable—F for each 8 € © and s;(w, -) is continuous on © forallw € F € F, P(F) =
1; st =n"Y23"  si(-,0%) + op(1); and
(i.b) Tn — I* a.s. — P; and

(ii) Forn = 1,2, ..., there exists ﬁn 1 Q= R™X™ sych that ﬁn is measurable—F and ﬁn —H"a.s. — P. ]

Assumption 12 (TSFOLS Covariance Matrix Estimation).
(i) $up( 5 prerxrwe [ 5 Gil(7,0)Gi(3,0) — EplGily, 0)Gi(7,0)]| = 0 as.~P;
(ii) For eachy €T, supgcg ‘n_l S 5:(0)Gi(7,0) — Ep[si(0)Gi(~, 0)]’ — 0 a.s.—P. O

Note that Assumption 12(i) implies Assumption 10, because G;( -,7) = 5’1( -,7,0%). Assumption 12(ii) helps ensure
the consistency of IN{n

We can now state the desired consistency results:

Theorem 6. (i) Given Assumptions 3, 4, 5 for G;(-,7) := Gi(-,,0%), 7, 8i), and 12(i), B, — B a.s. —P;
(ii) Given Assumptions 3, 4, 5 for G;(-,7v) := CNJ,( 7,0%), 7,8 9,11, and 12, ]§;‘L — B*a.s. —P. O
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4 Hypothesis Testing

In this section, we describe the properties of Wald tests for our hypotheses of interest, H;, and Hy,. We consider behavior
under the null and global alternative hypotheses, as well as behavior under natural local alternatives. Because of the foun-
dations provided by the previous sections, our next results follow as straightforward applications of standard arguments.
It is necessary, however, to exercise care in specifying the null and alternative hypotheses.

4.1 The Wald Test under Null and Global Alternative Hypotheses

To construct Wald tests for our hypotheses of interest, H;, and Hy,, we define selection matrices S; := Iy and
Sy := [0, Ix], where I is the identity matrix of order k& + 1 and Oy is the k& x 1 vector of zeros. As discussed above,

H, and Hy, respectively imply
Hio(g) : S1€* =011 and Hoy(g) : So€* = 0.

The indicated dependence on g reflects the fact that these hypotheses are implications of Hlj, and Hy,. They generally
are not identical to H, and Hy,, as, e.g., Hj,(g) could hold, even if Hj, fails.

We express the global alternatives as

Hia(g) : S1€" # 0k and  Hya(g) : S2€™ # 0.

Note that these are not equivalent to H; 4 and Hy 4, respectively, due to the possibility of misspecification of the form
of the functional regression under the alternative, as described above. We exhibit the explicit dependence of the global
alternatives on g to reflect this possibility.

Wald statistics for testing Hj,(g) and Hy,(g) based on the FOLS estimator are
Wi i=néLS, [SjAflﬁnAfls;}_l S, j=1,2.
Wald statistics for testing Hj,(g) and Hs,(g) based on the TSFOLS estimator and using ]~3n are
Win = n€,S) [sjA—lfsnA—ls;}_l Si€n, j=1,2.
Wald statistics for testing Hy,(g) and Ha,(g) based on the TSFOLS estimator and using B are

~ ~ 1
W, = n€S) [sjAle;;Aflsﬂ S;&,, j=1.2.

The following results are now completely standard. We let sz denote the standard chi-square distribution with &
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degrees of freedom.

Theorem 7. (i) Given the conditions of Theorems 2 and 5, for j = 1,2,
(a) under Hjo(g), Win A XkQH,j;

(b) under H;A(g), PIW; ., > 5] — 1 for any sequence {cy,} s.t. ¢, = o(n);
(ii) Given the conditions of Theorems 4(i) and 6(i), for j = 1,2,

(a) under Hj,(g), VNV]n 2 X;?Jrg_j;

(b) under Hj(g), IP’[VNVJH > ¢,] = 1 for any sequence {cy} s.t. ¢, = o(n); and
(iii) Given the conditions of Theorem 4(ii) and 6(ii), for j = 1, 2,

(a) under Hjo(g), Wi, ~ X2, ;
(b) under HjA(g), PIW;,, > cu] — 1 for any sequence {cy} s.t. ¢, = o(n). O

4.2 The Wald Test under Local Alternatives

We consider local alternatives of the following form: {1, } is such that for some g;,
Hja(g) : \/ESJS:L — gj7 j = 1727

where

% | _ | Balwl | —Eg|g]'covglg, g]~'covglg, 1]
o 0 covglg, g| ' covglg, 1]

The required evolution of s, can arise from evolution of either G; (becoming G, ) or P (becoming P,,). As the former
yields less fundamental and fairly direct modifications to the underlying regularity conditions, we adopt that approach.
For brevity, however, we omit restating all the affected conditions (Assumptions 1(i7) , 2(ii), 3, 5 (that is more easily
and 12 (with weak convergence)). Instead, we understand implicitly that any of these conditions referenced in the next
result are replaced with their suitable analogs involving G, .

The next results are again standard. We let X2(k, 7) denote the noncentral chi-square distribution with & degrees of

freedom and noncentrality parameter 7. The following noncentrality parameters are relevant for j = 1, 2:
A PR | —1qr1—1_.. * . IQ A 1p*A—1q/1—1 .
7= G[S;ATBATS g and 77 = g[S;AT BTATS) ;.

Theorem 8. (i) Given the conditions of Theorems 2 and 5, for j = 1,2, under H;,(g), Wjn, 2 XQ(k: +2—4,75);
(ii) Given the conditions of Theorems 4(i) and 6(i), for j = 1,2, under H;,(g), ij 4 X2(k+2—j,7;); and

(iii) Given the conditions of Theorems 4(ii) and 6(ii), for j = 1,2, under H;,(g), Wj*m 2 XQ(k: +2—7, 7';). [l
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5 Examples
We illustrate the application of the foregoing results by returning to our examples of Section 2.

Example 1 (Panel Random Effects—Continued): Recall that interest attaches to G;(y) = V;(1)V;(v), and to testing
Hy,. Because the V;’s are unknown, we use a TSFOLS procedure. Specifically, we work with 61(7) = 12(1)17@(7),
where 171(7) = Vi(~, Bn) =Yi(y) — X; (7)’3,1, and 3, is the pooled OLS estimator,

T

n -1 n T
Boo= |3 X Xi(y) S Xi(y)Yi(m)

i=1y=1 i=1 =1

To determine which asymptotic covariance matrix applies in this case, we investigate D* := | g(y)Ep[VfBéi( 5,
B)]dQ(y). Now, we note that (9/05;)Gi(+,7,5%) = [(0/08;)Vi(L, B)[Vi(y, %) + Vi(L, B)[(0/08)) Vil 5*)] =
—Xi;(D)Vi(y) — Vi(1)X;j(v). Under pure random effects (¢2 = 0), it then follows that for all v € {2,...,T},
Ep| /Bél( -7, 8*)] = 0. In this case, the first-stage estimation has no effect on the asymptotic covariance matrix,
and we can test for panel random effect assumption using 17\//1,” for any desired choice of g and Q. For example, we may

let g(v) = g1(7) = ~. The TSFOLS estimator minimizes

n T
s S ST do - o)

=1 y=2

Letting = T: , the matrices A and B are given by
v 7=2

1 T7—-1 1 R, v K7, 0 ol
A >, 91(7) nd B — Y (7,7 (7,791 (7) |
T=1 | v g 2 (T —1) ~ - e
So(y) X, a(y) v 7 | (M) g1(V)E(LY)9(F)
where
- E[C]]+ 20807 + 0y —0p, ify=7;
K(7,7) =
E[CH + %02 — o2, otherwise.
The conditions of Theorem 6(i) apply to deliver the consistency of ]§n for B. ([l

Example 2 (Specification Testing—Continued): For specificity, suppose that d = 2, X; := (X;1, X;2)" := (1, Xo;)' and
that Ep[Y;| X;] = 7% exp(Xa;). Next, take f(X,0) = 01 + 02X, so that M is correctly specified for Ep[Y;|X;] only
when 7" = 0.

Finally, take 1) to be the logistic function, ¢(z) = 1/[1 + exp(—z)], lety € T := [7,7], and let Q be the uniform

distribution on I'. These specification tests require a first stage estimator, so our results for the TSFOLS estimator will
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apply. Given the linear structure of M, we take §n = ((/9\1”, §2n)’ to be the OLS estimator. We thus work with
Gi(7) = [Yi — 01 — B2 Xoi]1h(Xai).
The TSFOLS estimator is obtained by choosing 5~0n and gn to minimize
Qe =23 G - 80wy
= — i(Y) — 00 — glY s
' nimZ (-2 Jy Z

where g is suitably chosen function.

The theory of the foregoing sections for TSFOLS applies directly. To determine which version of the TSFOLS
asymptotic covariance matrix is required, we investigate D* := [ g(v) Ep| géz( £7,09]dQ(y) = (7 -t f;’ g(v)
Ep[(—1, —X2)¥(X27)]d. Inspecting this, we do not see that it vanishes in general, so we must estimate B* to compute

our test statistic. This estimation involves computation of

Bu= (-9 > [ B L —Xa)ulamidy, Ko= (-9 23 [ i85 g0,
=177 i

~ 1 ~ —~ R 1 _
In = - Sz( 70n)3i( Ty an)/a and Hn = - [_17 XQZ]a
" ; s | —Xo
where
~ -1 ~ ~ ~ ~ ~
Si( T on) = [Y; - 9171 - 92nX2i]; and gm( : 77) = Gz(’)/) - 5071 - g(f)/)/(sn-
—Xo;

Here the relevant hypothesis is the hypothesis of correct specification, corresponding to H,. We thus compute Wy, as

specified above.

To examine further features of our test, suppose that we knew that the DGP exhibits conditional heteroskedasticity,
such that U; = h(Xo;)e;, where U; :=Y; — Ep[Y;|X;], where h(z) = sin(z), and ¢; is [ID with Ep(g;|X;2) = 0 and
EP(EZZ|X7;2) =1, and that (X9;,&;)" ~ IID N((1,0)’,I2). Applying theorem 3 of Bierens (1990) tells us that under Hj,,

n=1/2 Yo @1 = Z, azero mean Gaussian process having the covariance structure
k(7 7) = Bplsin(Xa)*(¥(X27) — X Ep[X X7 Ep[X9)(Xom)]) (¥(X27) — X' Bp[X X') ™! Ep[X¢h(X27)]))-

The complexity of this structure makes it difficult to exploit, even under the best circumstances, where we have detailed
knowledge of the DGP. In applications, matters are worse as h and the unconditional distribution of X; are typically
unknown a priori. Fortunately, however, our approach here does not require explicitly taking into account the structure of

K, just as tests based on a heteroskedasticity-robust estimator do not require explicitly taking into account the unknown
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heteroskedasticity.

The tests suggested by Bierens (1990) and SW rely on statistics computed as functionals of

\/177 > Gily) = \/15 D [Yi = O1n — O20 Xoi]0(Xai).

These statistics have asymptotic distributions that are generally highly complex, varying for different choices of 1) and
for different choice of functional. This distribution typically must be simulated in each case, requiring considerable
computational effort in computing the critical values; or a special functional has to be selected to obtain a statistic with
asymptotically standard null distribution, as pointed out by Bierens (1990). The benefit of the approach taken here is that

our test statistics always have a straightforward asymptotic chi-square distribution regardless of ¢, g, or Q. g

6 Numerical Analysis

In this section, we conduct Monte Carlo experiments using our Wald tests with the DGPs specified in the previous
examples. First, we investigate the behavior of functional regression tests for panel data random effects and compare
these to Breusch and Pagan’s (1979) test. As the panel setting is standard and familiar, these results are intended
primarily to illustrate how this familiar setting maps to the functional regression framework, rather than to yield new
insights for panel data. Second, we compare the specification tests of Bierens (1990) and SW to our functional regression
Wald tests. Here, functional regression offers not only computational convenience, but we also observe some interesting
power advantages. Finally, we apply our methodology to empirical data by testing whether popularly assumed models

for voting turnout are correctly specified or not.

6.1 Simulation Example 1: Panel Random Effects

For the panel random effects example, let d = 2 and T' = 20, so that j € {1,2} andy € {1,2,...,T} fori € {1,2,...,n}.
Let Xj;(y) be IID X2, and let U;(7y) be such that U;(y) + 3 ~ IID X3. Thus, for each v, E[U;(v)] = 0, and the U;(7)’s
have a non-normal distribution.

As discussed above, the choice of g is up to the researcher. Here we consider five different possibilities. The simplest
choice omits g entirely, and simply tests for a zero intercept, coinciding with a standard QML procedure. The remaining
choices are linear (g1(y) = 7), quadratic (g1(y) = ~?), linear-quadratic (g1(7) = 7, 92(7) = 7?), and geometric
(91(y) = 0.57). The latter choice is one a researcher might make if autocorrelation in the U;(y)’s were suspected. We
make these choices primarily because of their simplicity. Nevertheless, under the alternative in which o2 > 0, y is just
a constant function different from zero. This implies that the functional regression coefficients for the elements of g will
be zero; including g will thus result in some loss of power. Our experiments with g included permit us to assess this loss.

We denote the Wald statistics for these choices as )/N\/l,n(con), Wl,n(conﬂin), VN\/l,n(con+quad), len(con+lin+quad),
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and Wl,n(con+0.57), respectively.
We also apply Breusch and Pagan’s (1979) statistic to test the null of pure random effects structure. This statistic is

popularly used to test for unobserved fixed effects, as noted by Wooldridge (2010) and can be written as

o~ 2
D i1 27:2 Vi(D)Vi(v)

BP,, = —
VEL AT, V() Ti())2

in our context. Under the null, o2 = 0 and there is no correlation between G;(7) and G;() when v # 7. Thus, BP,,
follows the chi-square distribution with one degree of freedom. On the other hand, the alternative o> > 0 leads to serial
correlation, so that BP,, yields a consistent test.

Tables 1 and 2 display the simulation results for level (10,000 replications) and power (5,000 replications), respec-
tively. We examine power patterns by varying the sample size and the values of o2 for the alternatives. As expected, the
levels of the Wald statistics are well behaved. BP,, also shows good level behavior. Both VN\/m(con) and BP,, have com-
parable power, with )//\V/Ln(con) having perhaps a small advantage. As expected, the inclusion of the additional regressors
generally leads to modest losses in power, with (as expected) greater losses for VN\/I,n(con+lin+quad), that uses three
degrees of freedom, than for the others, that use only two degrees of freedom. Although these power losses are modest,
these results underscore the importance of using knowledge about the alternative to arrive at a parsimonious functional

regression.

6.2 Simulation Example 2: Specification Testing

To test the hypotheses Hj,(g) vs. Hj 4(g) for the specification tests of Example 2, we again consider the case of functional
regression with a constant only, together with the linear, quadratic, and linear-quadratic cases. We denote the Wald
statistics for these cases as Wy, (con), Wy, (con+lin), Wy, (con+quad), and Wy ,, (con+lin+quad), respectively. As in
Example 2, the associated integrals are computed using Gauss-Legendre quadrature, now letting I' = [y, 5] = [-0.5,0.5]
with 1) the logistic function, as before.

In addition, we compute test statistics suggested by Bierens (1990) and SW, letting B3,, and SW,, denote the Bierens
and SW test statistics, respectively. For 5,,, we follow theorem 4 of Bierens (1990) and let v = 1, p = 0.5, and ¢y = 1/4.
These parameters must be selected by the researcher before conducting the Bierens test and are those used by (Bierens,
1990, table 1) for his own Monte Carlo experiments. For comparability, we again take v to be the logistic function.
Because of the particular structure imposed here, B,, is distributed asymptotically as X’Z under the null.

SW give a simple consistent test procedure using critical values based on the law of the iterated logarithm (LIL)
bound. This is quite conservative, as SW point out. We follow their theorem 5.6(a) and let the associated norm be

the uniform norm, with 1/ again chosen to be the logistic function. SW’s LIL procedure yields a test for which the

level declines to zero as n increases. For comparability, we scale the LIL-based critical value to yield a level of 5% for
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n = 100. For n = 100, the ratio between the LIL-based critical value and the quantile yielding a 5% empirical rejection
is 2.2405. We then multiply the other LIL-based critical values for the different sample sizes by this ratio.

Tables 3 and 4 present simulation results for level (10,000 replications) and power (5,000 replications). In Table 3,
we see that the Wald tests and B,, have approximately correct levels. As the sample size increases, the levels appear to
converge to their nominal values. As expected, the level for SW,, decreases with n.

In Table 4, we examine power by varying the sample size and the coefficient 7* (recall that above we specified
E[Y;|X;] = 7" exp(Xa;)). First, we again see very strong performance for tests based on Wy, (con). Nevertheless,
jointly including linear and quadratic functions of + in the functional regression (using Wy, (con+lin+quad)) is now
seen to pay off, especially for all but the smaller values of 7*, with relative improvement most noticeable for the smaller
sample sizes. We note that results for Wy , (con+lin) and Wi (con+quad) are similar to each other and are not as good
as those for Wy, (con+lin+quad).

Interestingly, we find that Win(con) strongly dominates 13,,, especially for smaller values of 7*. For n > 100 (where
levels are comparable) we also see the conservative SW,, test dominating B,,. For these sample sizes, SW,, performs
comparably to Wy, (con) and Wy, (con+lin+quad). Nevertheless, the utility of the SW, statistic is limited by the need
to find a practical way to control its level.

Overall, these results demonstrate the appeal of the functional regression Wald tests for specification testing. Not
only are they easy to apply because of their standard chi-square asymptotic distribution, but they can have power as good

or better than previous procedures, such as tests based on B,, or SW,,.

6.3 Empirical Application

In the political science literature, a classic research topic is to explain voting turnout. For example, in Wolfinger and
Resenstone’s (1980) seminar work, they estimate a probit model using 1972 presidential election in the US. In addition
to this, many empirical researches are conducted to explain voting turnout using empirical data (e.g., Nagler, 1991, 1994;
Bénabou, 2000; Besley and Case, 2003; Berry, DeMeritt, and Esarley, 2010, etc.).

Wolfinger and Resenstone’s (1980) empirical model is influential to the literature as it shows the influence of educa-
tion to voting turnout. Specifically, using education level (Education), squared education level (Education?), age (Age),
squared age (Age?), a dummy for the South (South), a dummy for the presence of a gubernatorial election in the state
(Gubernatorial Election), and the number of days before the election that registration close (Closing Date) for the ex-
planatory variable, they estimate a linear probit model and assert that the registration requirement by the voting law most
severely affects the least educated group. In their model, Closing date is used to measure the voting law requirement,
and the estimation shows that if Closing Date is hypothetically set as zero, the average voting turnout most increases for
the least educated group, whereas the most educated voters’ turnout increase is smallest. Using the notion of voting cost,

they explain that more educated voters pay less cost for understanding the implications of complex and abstract political
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issues. This finding is regarded as a stylized fact in the political science literature.

Nagler (1991) criticizes that Wolfinger and Resenstone’s (1980) empirical result is an output of using the probit
model. The probit probability is highly affected if the explanatory variable is around zero, so that if Education is near
zero, the predicted probability increase is greater than other voters with higher education. Nagler (1991) remedies this
problem by estimating another probit model with two additional explanatory variables: Closing Date X Education and
Closing Date x Education®. By including them, he captures the interactive effects of Closing Date and Education to the
turnout. Using 1972 and 1984 presidential election data in the US, Nagler (1991) rejects Wolfinger and Resenstone’s
(1980) empirical result.

Nevertheless, we note that both models specified by Wolfinger and Resenstone (1980) and Nagler (1991) could be
misspecified, invalidating their model interpretations. We therefore test whether the models are correctly specified or not
using a specification testing procedure that applies the methodology in Section 6.2. Specifically, we follow the following
procedure: First, we estimate the two models by the QML estimation by supposing that their probit models are possibly
misspecified and using 1984 presidential election data of the US that are provided by Altman and McDonald (2003). We
let X; be the conditioning variable for Y; such that Y; = 1 if the ¢-th individual votes, and Y; = 0, otherwise. Note
that if for some 0., E[Y;|X;] = ®(X}0.), then the model is correctly specified, so that estimating 8, by the QML
estimation is identical to maximum likelihood (ML) estimation, where ®(-) is the cumulative distribution function (CDF)
of a standard normal random variable. Otherwise, the probit model is misspecified and the QML estimation differs from
the ML estimation, so that the information matrix equality does not hold. For such a case, 0. is the probability limit of
the QML estimator, and it follows that \/ﬁ(é\n - 0,) AN (0,H 'TH™!), where H (resp. I) is the limit of negative
Hessian log-likelihood function (resp. the covariance matrix of the quasi-score) that is evaluated at the QML estimator.
Nevertheless, we also note that the QML estimation can still estimate E[Y;|X;]| consistently despite the distributional
misspecification (e.g., Gourieroux et al., 1984; White, 1994). By this, we can apply the QML estimation to correct model
specification for E[Y;|Xy].

Second, we apply the testing methodology in Section 6.2 to the two probit models specified by Wolfinger and Resen-

stone (1980) and Nagler (1991) and test correct model specification for E[Y;|X]. Specifically, we first let

Gil) = [¥i = ©(X0)I0(Z0n) and Qul€) = 5 Y it [ {Gila) = b - g(1)5Yan,

where I' := [y,7] = [~1, 1], and Z; is one of the conditioning variables. We choose one out of Closing Date, Education,
and Age for Z;. The other conditioning variables in X; are dummies, so that they are not effective for the goal of our
testing. We further select either ~ or 72 for g(7), and either exponential or logistic function is selected for 1. After
estimating §p and J by FOLS, we apply the Wald test principle according to the procedure in Section 6.2.

The empirical estimation and inference outputs are contained in Tables 5 and 6. We summarize the empirical results

as follows. First, the QML estimations are contained in Table 5. The probit models without and with interactive terms are
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the ones specified by Wolfinger and Resenstone (1980) and Nagler (1991), respectively. Berry et al. (2010) also estimate
the same models, and all the parameter estimates in Table 5 are the same as theirs. The only difference is that the p-values
of the ¢-tests given in parentheses are computed by the robust standard error.

Second, the testing results are contained in Table 6 that shows the Wald tests and their respective p-values in parenthe-
ses. As we can see from the table, the inference results are different between the probit models with and without products.
For the probit model without products, viz., Wolfinger and Resenstone’s (1980) model, the p-values of the Wald tests
are significantly close to zero only when Z; = Education. In particular, when g(v) = 72, the p-values ar close to zero
for both exponential and logistic functions. This fact strongly implies that Wolfinger and Resenstone’s (1980) probit
model for the voting turnout data is misspecified. For the probit model with products, viz., Nagler’s (1991) model, the
p-values of the Wald tests are significantly different from zero only when Z; = Age. In particular, if Z; = Closing Date,
the p-values are close to zero when the exponential function is selected for ¢ (-). This fact strongly implies that the probit

model posited by Nagler (1991) for the voting turnout data is also misspecified.

7 Conclusion

In this paper, we study functional regression and its properties in testing the hypothesis of a constant zero mean function
or an unknown constant non-zero mean function by applying the approach in Cho, Phillips, and Seo (2021). As we show,
the associated Wald test statistics have standard chi-square limiting null distributions, standard non-central chi-square
distributions for local alternatives converging to zero at a y/n rate, and are consistent against global alternatives. These
properties permit the construction of straightforward tests of the hypotheses of interest.

As we discuss, panel data can be viewed as functional data; we illustrate this with a running example focusing on
a test of random effects structure. In particular, we develop new alternatives to tests for regression misspecification,
both of which involve nuisance parameters identified only under the alternative. We find that our procedures can have
power better than existing methods that do not exploit this covariance structure, like the specification testing procedures
of Bierens (1982, 1990) or SW. Interestingly, we find that functional regression tests including only a constant have
remarkably good power, even when the functional mean depends non-trivially on its parameter. This suggests that any
battery of tests for a zero mean function should include tests based on the intercept only, and that tests including additional
functions of the parameter should be judiciously constructed. In addition, we empirically test whether popularly assumed
models for voting turnout are correctly specified or not by using 1984 presidential election data of the US, finding that
the probit models specified by Wolfinger and Resenstone (1980) and Nagler (1991) are misspecified.

Finally, we note that functional regression tests may have utility in a variety of disparate contexts involving hypothesis
testing with multiple statistics. For example, Tippett (1931), Fisher (1932), Pearson (1950), Lancaster (1961), van Zwet
and Oosterhoff (1967), Westberg (1985), and the references therein consider combining a finite number of multiple

statistics using a specified weighting method or a Bayes method. Our approach accommodates such methods, allowing

23



dependence among multiple statistics. It further allows not just a finite number of tests, but allows the tests to be indexed

by elements of a multidimensional continuum.

8 Appendix: Proofs

Proof of Theorem 1: The given consistency easily follows by applying the DCT given Assumptions 3, 4, and 5. We note

that Assumption 3 implies that

> 6

=1

n n
< G?SZME<OO a.s. —P and
i=1 i=1

n
> _Gig;
=1

n n

2 2 2 2

<) _Glgf <) Mg
i=1 i=1

for every 7, so that

/

as. —P, as g; € L2(Q) by 4(ii). This implies that we can first let n tend to infinity before integrating the associated

n
n_l E Gz
=1

dQ <n™ ') M} < ocand /
=1

n
') Cigj
=1

dQ<nt ZMf/gjz«dQ < 00
=1

random functions, so that

T Y [Gi— [ Jn o Gi— [

= — as. — P,
n Y [Gig— [ug [n 'Y Gig— [ug 0

where the given convergence follows from 5. Thus, we obtain that

—1 -1
é\ o Son o 1 fg nflszi . 1 fg f,u, . 58 o E*
b [e [gg n 'Y [Gig fg [gg [ ne &
a.s. —P. [ |
Proof of Theorem 2: From the note that
-1
~ 1 g n 23 [(Gi — p)

\/ﬁ(ﬁn—ﬁ*) =
fg [sg n 2y [(Gi—p)g

the desired result follows if
nYEY [(Gi— )
n 2y [(Gi—p)g

the desired result follows. Assumption 6(ii) implies that n=/2 3" (G; — u) = G, so that we obtain n=/2 3" [(G;—p) =

A N(0,B), )

[ G, and foreach j € {1,2,...,k}, [(G; — u)g; = [ Gg, by the continuous mapping theorem. Also, we note that [ G
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and [ Gg; (j € {1,2,...,k}) are the integrals of Gaussian processes, so that they are normally distributed with

[o~ N<(// (7,7)dQ(7)d0(F )am /?%~N((//% <>@>@ﬁﬂ, )

where the given variances are computed by applying theorem 2 of (Grenander, 1981, p. 48). Given this, the positive
definite matrix B in Assumption 6(iii) enables us to apply the Cramér-Wold’s device, that we omit for brevity. This

completes the proof. |

Proof of Theorem 3: The given consistency can be achieved in a parallel manner to that of Theorem 1. We note that

Assumption 7(ii) implies that

n n
& Szé?SZM3<OO a.s. —P and

n n n
D Gigi| <D Gigi <Y Mg
i=1 =1 =1

for every j, so that

n
nt E G;
=1

n n
dQ <n! Z M? < oo and n! Z éigj
i=1 i=1

n

dQ <n! ZMl-Z/gJZdQ < 00
i=1
s. =P, as g; € Lo(Q) by Assumption 4(ii). This implies that we can apply DCT, so that

n 'Y G- [ u [ Y Gi— [

0
= — as. —P.

n Y [Gig - [ g [n 'S Gig— [ g 0

The given convergence mainly follows from the facts that: (a)

sup
yer

nZG

< sup
yer

nZG ZGm

(b) the second element on the right-hand side (RHS) converges to zero a.s. —IP by Assumption 5; and (c) applying the

mean-value theorem implies that

n

z:l

Ine ~ 1/ 2 v a
= sup |— VOGZ Vs en, Hn -0 )
g i ; (7, 0y )( )

sup |—
yel’

where the RHS converges to zero a.s. —IP by Assumptions 7(iii) and 8(i). Thus, we obtain that

-1 -1

P don | |1 Jg G T e R I I e
5y Je [ee Y [Gig /e [gg J ne &
a.s. —P. This completes the proof. |
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Proof of Theorem 4: We explicitly prove only 4(ii). The proof for 4(i) is quite similar.

(ii) From the given fact that

N So — 0% n—1/2 A,
NS T L I B 2@
o, — &* g [g¢ =23 [(Gi —

the desired result follows if

2 N(0,B"). (6)

1 [(Gi — p)
\/ﬁz [(Gi—pg

Given this, we note that applying the mean-value theorem in (2) and Assumption 9 yields that
1 - ~r N 1 - ~ 1 - ~r—! /(D n * ~ spyk—1
7n Zg(Gi —p) = NG Z 8(Gi —p) + o Z g[VeGi(0n,)Vn(0, —0") = [ g6 —D"H"™ 2, (7)
i=1 i=1 i=1

because () n~ /2" [(Gi—p) = [ G,andforeachj € {1,2,...,k}, [(Gi—u)g; = [ Gg; by the continuous mapping
theorem; and (ii) for j = 1,2,...,kand}: 1,2,...,m,
- Z

sup

n 1/2
< (n_lef) < oo as. —P, and
i=1

sup

n 1/2 n 1/2
-t Z G (v,0 < (nl ZIM12> X <n1 ;Mf) <oo as. —P

by Assumption 8, so that we can let n tend to infinity first before computing the associated integrals by the DCT, implying

that

12/ G n’y d(@—)/gE[p VQG( n'y)]an

that we defined as D*. Given this, we note that (5) and the joint convergence condition in Assumption 9 imply that
/86 — D*H*~! Z is also a normal random variable having the covariance matrix B*, obtained by applying theorem
2 of Grenander (1981, p. 48). Given this, the positive definite matrix B* in Assumption 9(ii) enables us to apply the

Cramér-Wold device, that we omit for brevity. This completes the proof. |

Proof of Theorem 5: To show this, we examine the asymptotic limit of each element in ]§n First, we consider the first

row and first column element in ]§n Note that

Z//fm Ein(7)4Q(1)AQ( Z//& )ei(3)dQ(7)dQ ()

+25" [ataan) { [ 1) = o - 8123} + { [ 1) = - Bogr >d@<v>}2 ,
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using the fact that &;,, = ¢; + {u(y) — gon — &

/
Son — 8,8(7)}dQ(v) = 0, so that

23 [ [atEamdamaed = 1 Y [ [am=mdamas {Z/ 74 }

Given this, using Cauchy-Schwarz inequality we obtain that

g(v)}. Further, by the FOC for the FOLS estimator, n=* >~ [{G(v) —

sup

LY G660 < s 602 it e < <Y MPas P
=1

by Assumption 3, and the RHS is finite a.s. —IP. Thus, we can first let n tend to infinity before computing the associated

integrals. The given SULLNSs in Assumptions 5 and 10 imply that

[ [ Y G6@aemded - | [ EGi0)6)de0)ia6E) ad
[ Giaem) - [ utdan) as. -,

so that we obtain

Y [ [atmaamdemda - [ [ womdema6) ®

a.s. —P. Second, we consider the first row and (j + 1)-th column element of ]§n where j = 1,2,..., k. We note that

Z//gm Vein(7)9;(7)dQ(7)dQF Z//sz )ei(7)9;(7)dQ(7)dQ(A)

i o o) o]

by the FOC for the FOLS estimator, n =1 > { [[G —don— 08,81y () }dQ(y) = 0. Given this, the Cauchy-Schwarz

inequality and Assumption 4(ii) imply that

1/2

0 GGG A < [ S M <l [ Y GiE)g )] < [t o ME| < Ig (), and

’nilzGi(v v ’ ‘ 712M2

uniformly in v and 7. Note that when the RHS’s of these inequalities are viewed as functions of 7, they all are in L1(Q)

x1g; ()]

a.s. —IP. These imply that we can apply the DCT, so that

23 [ 16600 = w)IGA) - wlasMdead) > [ [ s Dg@demdE) o
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a.s. —P. Third, we consider the (j + 1)-th row and (j + 1)-th column element of B,,. Note that

23 [ [ 5EamEam i) a)
ziz//gmem& Do) - {1 Y [aietinn }{ W ECERET)

using the fact thatn = >"{ [[G —Som— Sgg(’y)]gj(’y)}d(@( )=0andn 1 Y {[[G —Oon— &Lgﬁ)]g’jﬁ)}dQ(’ﬂ =

0. Also, by exploiting the Cauchy-Schwarz inequality iteratively, we can obtain that

LS GGG 3)

< (Y2 M2) x 1g;(3)] x |g5(7)] and

LS 506 @@ < (17 32) " x lgso0] ¢ 9

uniformly in v and . Note that the RHSs of these inequalities are in L;(Q x Q) a.s. —P when they are viewed as
functions of v and 4 by Assumption 4(ii). This implies that we can apply the DCT. By applying Assumptions 5, 10, and

Theorem 1, it follows that
23 [ [ 50(60) = w6 - w gD > [ [ 95005, 7)50)d@)QA) as. P,

(10)

Finally, collecting all the elements in (8), (9), and (10) for j,} =1,2,...,k, we obtain that the asymptotic limit of ﬁn is

identical to B. This completes the proof. |

Proof of Theorem 6: (i) The proof is almost identical to the proof of Theorem 5. We examine the asymptotic limit of

each element in ]§n First, we consider the first row and first column element in ]§n. Note that

Z//gm )in(3)dQ(1)dQF Z//em )éin(7)dQ()dQ(F {Z/sm )dQ(y }

using the facts that &;, = &, + {1(y) — don — 6,,g(7)} and the FOC that =1 3" f{@l(q/) — don — 8.,(7)}Q(7) = 0
where &;,, = @1 — p. Given this, we already proved in the proof of Theorem 3 that n=! > [ Ein(y) = 0as. —P. Also,
Assumption 7(iii) enables us to apply the DCT, so that we can first let n tend to infinity before computing the associated

integral. Note that

iZ//%M%mwmmm
Z//G 7,0,)Gi(7,0,)dQ(7)dQ(F —Z/G ~,0,)dQ(~ )/u(?)d@ﬁw </u(?)d@(5>)2-
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We examine each element in the RHS. First,

su%‘n "N Gi(7,60)Gi(A, 8,) — BelGil(v,07)Gi(7,07)]| = 0 as. —P
v

by Assumption 12(7), Theorem 3, and the continuity of GG; with respect to €, implying that

wS [ [ 686G, Bdeae) [ [ EelGi.076i5,610(0)aQ) as. —P.

Also, from the fact that n=' 3 [£i(y) = 0as. =P, n 'Y [ [ Gi(1)uF) — (f u)2 a.s. — P, so that it follows that

53 / / Ein(7)Em(7)dQ(1)AQ(F) — / / ~(1,7)dQ(7)AQ() as. — P, an

Second, we consider the first row and (j + 1)-th column element of B,,, where 7 =1,2,... k. Note that

23 [ [EmEmemnda)
=¥ [ [ameamaminan)

_2{ Z/gm 1dQ(y }{ Z/Em 7)9;(7)dQF } {Z/em 7953 d@()}

and we already saw that n =1 > [ én — 0as. —Pand n1y" [ €ig; — 0a.s. —P in the proof of Theorem 3. Also, note

that

%Z / / Ein(7)€in(7)9;(7)dQ(7)dQ(7)
=Y [ [ 618680000 - 3 [ Gt [ e Raon)i
N gz / () / Gi(7, 00)9;(7)dQ7)dQ() + / p(7)dQ(7) / 1(3)g;(7)dQ(7).

Given this, from the facts that n='Y" [&, — 0 as. —P and that n='Y" [&,9; — 0 as. —P, it follows that

'S [ Gi(7,0,)dQ(y) — [ u(y)dQ(7) as. —P and that n= 'Y [ Gi(¥,0,)9;(3)dQRF) — [ u(7)g;(7)dQ(F)

a.s. —[P respectively. Further, using the Cauchy-Schwarz inequality, Assumption 4(ii), and Assumption 7(iii) shows that

|gj

oo < S

uniformly in 7y, 7, and 8. Note that the RHS of this inequality is in L1(Q) a.s. —IP when viewed as a function of 75 by

29



Assumption 4(ii). This implies that we can apply the DCT, so that Assumption 12(7) implies that

S [ [ eaga@e@aemda® - [ [ 3e@denaE) s -k a2

Third, we consider the (j+1)-th row and (}—l—l)—th column element of B,,. We note that the FOLS FOC n~! $°{ J1Gi(v)—
Son — 8,8(1)]9;(7)}dQ(y) = 0 and =t Y{ [[Gi(F) — don — 8,8(F)]g5(7)}dQ(F) = 0 imply

IS [ [zt mieman

=3 [ [smama@gmandd - T [amamaen LT [amsman]

>/ / 05 (1)2:(1)2:(7)g5()AQ()AQ) + 045, (1),
-1 > f€z ) — 0 a.s. —P. Also, note that
>3 / / 05(1Zin(1)En () 95(7)dQ(7)dQ)
=23 [ [ 5:006.8.06:G. 8053100006 ~ [ s5)d206) [ p)g5IAQE) + o0 ()

because n LY [Eing; — 0as. —Pand n 1Y [Eng; — 0as. —P imply that n= 1Y [ Gi(v, 0n)g;(7)dQ(y) —
[ u(7)g;(7)dQ(7) as. —Pand n=* Y [ G4(7, 0,) g+ =(7)dQ(7) — [ u(7)g;(7)dQ(7) a.s. —P. Furthermore, exploiting

the Cauchy-Schwarz inequality iteratively, we can obtain that

005G < (37 ) X0 )

uniformly in -, 7, and 6. Note that the RHS of this inequality is in L1 (Q x Q) a.s. —P, when it is viewed as a function

of v and 7. This also implies that we can apply the DCT. From Assumption 12(i), it now follows that

iZ//gj(’y)a-n(v)?m( )g;(7)dQ(v)dQ(y —>//g] 7;(1)dQ()dQ(F) as. —P.  (13)

Finally, collecting all the elements in (11), (12), and (13) for j,; =1,2,...,k, we obtain that the asymptotic limit of ]§n
is identical to B.

(ii) Given Theorem 6(i), the definition of ]§;;, and the conditions in Assumption 8(iii), the desired result follows if
f)n — D* and I~{n — K* a.s. —P. We already saw in the proof of Theorem 4(ii) that f)n — D* a.s. —P. Therefore, we

only prove here that ﬁn — K* a.s. —IP. Note that
= Z/ n)Ein(7)8(7)'dQ(7) + Z 5i(0) /{M(v) — don — 8(7)'0n}8(7)dQ(y), (14
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and first consider the second element. First, n=!Y" si(é\n) — 113" 5;(6%) = 04.5.(1) because s; is continuous with
respect to 6, and 0, — 0* as. —P by Assumption 8(i). Further, Assumptions 8(iii) and 9(i) imply that > s;(0*) =
0a.5.(n), sothatn™1 3" 5;(6,,) — Oa.s. —P. Next, we already saw that n = 3 f{G gon—g%g(’y)}g(’y)’d(@(v) =0
by the FOC for the TSFOLS estimator, and that n=1 " [ Gi(7)&()dQ(v) — f w(7)€(7)'dQ(v) in the proof of
Theorem 6(i). Therefore,

[ ) = o — 0 Bu}g(r)dQ2) = 0 as. P,

Third, we consider the first element in (14), and for this we verify that we can apply the DCT. From the definition of &;,,,

note that foreach j = 1,2,--- ;mand j = 1,2,--- , k + 1,

Sz’j(én)é'm(v)'é;(’y)’ < {i > Sij(én)Q}l/Q ({i > @(7)2}1/2 + \u(v)!) x |&5(7)]

i) ({isz}”ZE[Mﬂ) < &)

by Assumption 7(iii). Given this, I is finite a.s. —P and converges to I* a.s. —IP by Assumption 8(iii), implying that
foreach j = 1,2,--- ,m,n" 1Y sij(On) is finite a.s. —P. Therefore, the RHS must be in L;(Q), when viewed as a

function of . Therefore, we can apply the DCT. Given this,

*Zsz Bn)ein(7) = - Zsz@ )Gi(y) — U(V)lzsi(é\n)

n

by the definition of &;,,; and Assumption 7(iii) and > sl(én) = 0q4.5.(n) imply that pu(v) > sz(én) = 0q4.5.(n) uniformly
in . Furthermore, Assumption 12(if) and the continuity of s; and GG; with respect to 8 by Assumptions 8(iii.a) and 7(iii)
imply that for each v,

U3 5(80)Gi(r) = Erlsi(6)Gi(3,6°)] + 00.0(1)

because 8, — 6* a.s. —P by Assumption 8(i). We note that Ep[si(0%)Gi(y,0")] = ko(y) from the IID condition and the
condition in Assumption 8(iii.a) that v/ns, = n~1/2 3" s;(-,0%)+op(1). Therefore, n 1Y [ 8:(0,)éin(7)g(7) dQ(7)

— [ ko(7)g(7)'dQ(v). Finally, collecting all these together implies that

R = [ 3 si2n(BOVQ0) + 00el1) = [ Ro()BOYAR0) + 00, (1),

and this completes the proof. |

Proof of Theorem 7: (i) \/nS; (€, — £€*) & N(0,T;) by Theorem 2, where T'; := S;AT'BA ™S/, so that it follows
that I‘j_l/2\/ﬁSj(§n — &) 2 N(0,Iy42—;). Because B, — B as. —P as given in Theorem 5, fnj — T'jas. —Pby
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proposition 2.30 of White (2001), where fnj = SjA_lf’)nA_IS} Therefore,

~

* - e x A
M =n(&, —€)VSIT,'8;(6n — &) R X2y,
by theorem 4.30 of White (2001). Given this, we note that
Win = My +2n€"SIT,'S; (€, — €7) +n€”SIT, '8 ¢".

Therefore, M;,, = W;,, = Op(1) under Hj,, so that W, ,, A X,3+2_j; and W, , = Op(1) + Op(y/n) + O(n) under
Hj4(g), implying the desired result.

(@) \/ﬁSj(gn — &) 2 N(0,T;) by Theorem 4(i), and B,, — B as. —P from Theorem 6(i). The rest is identical to
the proof of Theorem 7(i).

(iif) \/ﬁSj(gn — &%) & N(0,T%) by Theorem 4(ii), where I'} := SjA_lB*A_lsg-, and B — B* as. —P from

Theorem 6(ii). The rest is identical to the proof of Theorem 7(i). [ |

Proof of Theorem 8: (i) \/nS; (En — &) AN (0,T';) by applying Theorem 2, where I'; is defined in the proof of
Theorem 7(i), so that r;l/Q\/ﬁsj(En — £ A N(0,I;42_;). Given this, v/nS;€; — ¢; under Hj,(g), that implies
that \/ﬁsjfn AN (sj,T;). Further, from the fact that B, —» Bas. —Pas given in Theorem 5, it follows that
f‘nj — I'j a.s. —IP by proposition 2.30 of White (2001), where f‘nj is defined in the proof of Theorem 7(i). Therefore,
Win Ax 2(k + 2 — 4, 7) by lemma 8.2 of White (1994), implying the desired result.

(i) \/ﬁsjén 2 N(s;,T;) by Theorem 4(i), and ]§n — B a.s. —IP from Theorem 6(i). The rest is identical to the
proof of Theorem 8(7).

(iii) \/ﬁsjén 2 N(sj, I‘;‘) by Theorem 4(ii), and ]~3;‘l — B* a.s. —P from Theorem 6(ii), where I'} is defined in the

proof of Theorem 7(iii). The rest is identical to the proof of Theorem 8(i). |
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Statistics Levels \ n 25 50 100 200 400 600 800

1% 1.04 0.83 0.82 0.90 0.96 1.05 0.92
Wi n(con) 5% 5.74 485 5.13 475 495 531 4.95
10% 11.18 10.74 10.57 9.85 9.79 10.61 9.89
1% 151 0.96 0.99 1.00 1.07 113 0.98
Wi (con+lin) 5% 6.64 532 5.02 5.10 5.00 5.15 477
10% 12.41 11.19 10.53 9.98 10.23 10.32 10.15
1% 1.68 1.09 0.99 0.93 0.95 0.90 1.07
Wi (con+quad) 5% 6.65 5.46 5.07 5.18 4.81 491 5.05
10% 12.75 11.21 10.81 10.44 9.86 9.97 10.16
1% 2.16 138 1.14 0.82 0.79 1.08 0.99
Wi . (con+lin+quad) 5% 8.09 6.19 5.29 4.87 474 4.95 473
10% 15.40 12.45 11.07 10.21 9.73 10.11 9.96
1% 1.60 1.14 0.91 0.98 0.79 0.94 0.98
Wi n(con + 0.57) 5% 6.71 5.58 5.39 5.29 5.23 4.84 531
10% 13.01 11.64 10.81 10.43 10.39 9.89 10.34
1% 031 0.63 0.72 0.81 1.00 1.03 0.81
BP,, 5% 3.77 431 4.82 5.04 4.99 4.88 474
10% 9.60 10.07 9.92 9.96 9.66 9.82 10.19

Table 1: EMPIRICAL LEVELS OF THE WALD AND BREUSCH AND PAGAN TESTS (NUMBER OF REPLICATIONS:
10,000) This table supposes the panel data example in Section 6.1 and shows the empirical levels of the Wald tests
employing various functional regressors for the levels of significance 1%, 5%, and 10%. It further compares the empirical
levels of the Wald tests with Bresusch and Pagan’s (1979) test.
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Statistics a2\ n 25 50 100 200 400 600 800

0.10 6.82 748 9.66 14.50 24.40 33.00 42.98
0.20 9.64 11.74 19.54 35.70 62.38 78.74 88.92
Wi, (con) 0.30 11.90 19.08 32.28 56.98 86.04 96.70 99.16
0.40 14.64 25.70 48.02 75.44 96.66 99.54 99.88
0.50 20.28 34.94 59.90 86.28 99.20 99.96 100.0
0.10 7.06 6.74 7.40 11.00 18.16 2470 33.34
0.20 8.84 9.42 15.46 26.60 51.70 69.48 81.76
Wi (con+lin) 0.30 11.26 14.80 26.52 47.52 78.04 92.32 97.40
0.40 13.80 20.28 38.50 66.40 92.02 98.76 99.82
0.50 15.74 27.32 49.10 79.86 98.06 99.76 100.0
0.10 728 6.88 7.64 10.40 17.50 25.48 33.90
0.20 9.08 9.78 15.76 27.62 49.90 67.28 81.60
Wi (con+quad) 0.30 11.42 14.58 25.04 47.50 79.12 93.02 97.74
0.40 12.68 19.30 36.96 67.22 92.52 98.70 98.84
0.50 16.92 26.86 50.00 80.02 97.92 99.80 100.0
0.10 8.78 6.56 7.64 9.62 14.84 21.00 27.54
0.20 9.72 9.44 14.00 23.20 45.34 62.10 76.26
Wi (con+lin+quad) 0.30 11.52 14.12 21.22 41.46 72.72 89.54 96.34
0.40 13.70 18.74 31.30 58.94 90.12 97.88 99.72
0.50 16.38 24.02 42.88 74.40 96.48 99.62 99.98
0.10 774 6.38 770 11.88 16.76 2448 33.68
0.20 9.06 9.82 14.36 28.80 51.02 68.86 81.68
Wi (con+0.57) 0.30 10.90 15.68 26.12 48.28 78.82 92.08 97.92
0.40 13.68 21.94 37.30 65.88 92.94 98.46 99.76
0.50 15.38 26.46 48.98 79.76 97.96 99.80 100.0
0.10 428 5.16 8.28 14.28 23.16 32.84 4152
0.20 6.84 10.52 19.02 36.18 59.34 78.38 89.34
BP, 0.30 8.64 17.00 32.52 58.34 86.90 96.10 99.08
0.40 11.48 23.86 45.58 74.76 96.10 99.68 99.96
0.50 15.72 29.94 58.14 86.42 99.16 99.96 100.0

Table 2: POWERS OF THE WALD AND BREUSCH AND PAGAN TESTS (NUMBER OF REPLICATIONS: 5,000, NOMINAL
LEVEL: 5%) This table supposes the panel data example in Section 6.1 and shows the empirical powers of the Wald tests
employing various functional regressors. It further compares the empirical powers of the Wald tests with Bresusch and
Pagan’s (1979) test.
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Statistics Levels \ n 25 50 100 200 400 600 800

1% 1.72 1.15 1.02 0.97 1.20 0.89 1.03

Wi, (con) 5% 6.64 5.68 5.36 531 5.25 4.96 5.05
10% 12.44 11.51 10.64 10.31 10.36 10.26 10.02

1% 1.45 0.77 0.59 0.67 0.60 0.78 0.62

Wi, (con+lin) 5% 6.87 436 3.96 4.10 442 420 430
/ 10% 13.37 9.79 9.01 891 9.27 9.61 9.41
1% 1.24 0.70 0.56 0.58 0.57 0.53 0.79

W . (con+quad) 5% 6.39 435 4.03 3.79 4.02 3.83 434
10% 12.83 9.78 8.93 9.22 8.71 8.76 9.47

1% 2.38 1.26 0.87 0.66 0.58 0.67 0.56

Wi . (con+lin+quad) 5% 8.52 5.69 4.40 3.93 3.92 4.06 3.97
10% 15.82 11.76 9.48 8.57 8.64 9.18 8.91

1% 0.85 0.77 0.52 0.84 1.03 0.86 0.88

B, 5% 5.79 4.68 4.71 5.12 5.12 5.07 5.09
10% 12.86 11.05 10.69 10.48 10.56 10.56 10.19

SW, 11.42 7.42 5.00 3.91 3.54 3.36 3.28

Table 3: EMPIRICAL LEVELS OF THE WALD, BIERENS AND SW TESTS (NUMBER OF REPLICATIONS: 10,000) This
table supposes the specification test example in Section 6.2 and shows the empirical levels of the Wald tests employing
various functional regressors for the levels of significance 1%, 5%, and 10%. It further compares the empirical levels of
the Wald tests with Bierens’s (1990) and SW tests.
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Statistics ™\ n 25 50 100 200 400 600 800

0.10 49.02 76.34 95.16 99.04 99.76 99.90 100.0
0.20 64.14 85.32 95.48 99.02 99.90 100.0 100.0
WY . (con) 0.30 70.28 87.00 95.92 99.36 99.92 100.0 100.0
0.40 70.44 87.64 96.14 98.96 99.88 100.0 100.0
0.50 71.92 87.26 96.00 99.08 99.82 100.0 100.0
0.10 17.04 28.56 60.12 92.16 99.86 100.0 100.0
0.20 32.08 58.30 90.26 99.52 100.0 100.0 100.0
WY ,,(con+lin) 0.30 44.76 73.58 94.90 99.68 100.0 100.0 100.0
0.40 53.98 79.82 96.00 99.86 100.0 100.0 100.0
0.50 59.56 81.66 96.50 99.90 100.0 100.0 100.0
0.10 16.20 28.56 59.66 92.20 99.92 100.0 100.0
0.20 32.50 56.50 90.88 99.80 100.0 100.0 100.0
Wi . (con+quad) 0.30 45.34 73.40 96.20 99.92 100.0 100.0 100.0
0.40 52.78 81.02 97.22 100.0 100.0 100.0 100.0
0.50 60.32 82.24 97.70 100.0 100.0 100.0 100.0
0.10 16.50 28.51 57.50 92.33 99.86 100.0 100.0
0.20 33.40 63.43 94.20 99.97 100.0 100.0 100.0
Wi ,, (con+lin+quad) 0.30 49.92 83.59 99.49 99.98 100.0 100.0 100.0
0.40 63.24 92.90 99.78 100.0 100.0 100.0 100.0
0.50 73.36 96.30 99.78 100.0 100.0 100.0 100.0
0.10 18.82 40.02 70.88 92.18 98.64 99.56 99.74
0.20 38.42 67.60 87.34 95.74 99.04 99.72 99.90
B 0.30 52.30 77.30 89.62 96.40 99.36 99.78 99.92
0.40 58.12 80.26 90.48 96.90 99.18 99.82 99.98
0.50 64.30 82.58 91.20 96.58 99.18 99.86 99.96
0.10 26.30 38.02 65.08 91.78 99.82 100.0 100.0
0.20 46.78 69.72 93.50 99.76 100.0 100.0 100.0
SWh, 0.30 60.98 82.48 96.94 99.94 100.0 100.0 100.0
0.40 69.86 87.66 98.06 99.92 100.0 100.0 100.0
0.50 75.28 90.52 98.26 99.92 100.0 100.0 100.0

Table 4: EMPIRICAL POWERS OF THE WALD, BIERENS, AND SW TESTS (NUMBER OF REPLICATIONS: 5,000,
NOMINAL LEVEL: 5%) This table supposes the specification test example in Section 6.2 and shows the empirical
powers of the Wald tests employing various functional regressors. It further compares the empirical powers of the Wald
tests with Bierens’s (1990) and SW tests.
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Statistics \ Probit Models w/ Products w/o Products

Constant PP 02000
(0.0000) (0.0000)
. 0.0006 -0.0078
Closing Date (0.8685) (0.0000)
Education 02615 00000
(0.0000) (0.0000)
0.0050 0.0123
;2
Education (0.2433) (0.0000)
Ace 0.06965 0.0697
& (0.0000) (0.0000)
d? -0.0005 -0.0005
§ (0.0000) (0.0000)
ot -0.1154 -0.1159
(0.0000) (0.0000)
_ . 0.0034 0.0034
Gubernatorial Election (0.7670) (0.7666)
. ) -0.0031
Closing Date x Education (0.0399)
0.0002
. e 2
Closing Date X Education (0.0075)
Sample Size 99,676 99,676
Log-Likelihood -55,815.28 -55,818.03

Table 5: EMPIRICAL MODEL ESTIMATIONS. Two probit models for voting turnout are estimated using 1984 presidential
data of US provided by Altman and McDonald (2003). The probit model without products is the one specified by
Wolfinger and Rosenston (1980), whereas the probit model with products is the one specified by Nagler (1991). The
figures in parentheses stand for the p-values. The p-values of the parameter estimates are computed by heteroskedasticity
robust consistent standard errors.

Probit Models P(+) g\ Z: Closing Date Education Age
w/o Products Exponential vy 5.7287 12.0473 4.6968
(0.0570) (0.0024) (0.0955)
y? 6.5866 13.8395 5.2719
(0.0371) (0.0010) (0.0717)
Logistic 0 3.4938 1.2557 3.7292
(0.1743) (0.5337) (0.1550)
72 4.4657 10.4633 3.9043
(0.1072) (0.0053) (0.1420)
w/ Products Exponential v 10.2576 11.9407 6.0734
(0.0059) (0.0026) (0.0480)
72 10.9863 13.7240 5.1820
(0.0041) (0.0010) (0.0749)
Logistic 5y 3.3729 1.2217 3.7026
(0.1852) (0.5429) (0.1570)
72 4.3062 10.2814 3.8766
(0.1161) (0.0059) (0.1440)

Table 6: WALD TESTS AND p-VALUES. Wald tests are provided as specification tests by applying the functional regres-
sion in Section 6.2. We let v € ' := [—1, 1]. Two analytic functions are employed for ¢(-): exponential and logistic
function; two functional regressors are employed for g(7): v and v%; and finally, three variables are employed for Z;:
Closing Date, Education, and Age. The figures in parentheses stand for the p-values of the Wald tests computed by
chi-square distribution with two degrees of freedom.
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